We derive closed-form expressions for the expected payoff of a number of types of weather derivative contract under the assumption of a normally distributed settlement index.
Payoff definitions 2.1 Swaps
The payoff, p, from a long swap contract is given by:
where x is the index, D is the tick, K is the strike, L $ is the limit expressed in currency terms, and L 1 and L 2 are the upper and lower limits expressed in units of the index. L $ and L 1 are related by
, and L $ and L 2 are related by L $ = D(L 2 − K). This can also be written more succinctly as:
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or even:
These one-line expressions are useful for calculting payoffs in some computer languages. For uncapped swaps:
Even for swaps with limits the limits are usually set at rather extreme values and so expression 5 may be a good approximation.
Call options
The payoff, p, from a long call contract is given by:
This can also be written more succinctly as:
or as:
and:
Put options
The payoff, p, from a long put contract is given by:
or:
Collars
A long collar position consists of a combination of a long call and a short put, usually with different strikes but the same tick and limit. Collars have the payoff function:
This can also be written as:
or by combining the expressions for calls and puts given above.
Straddles
A long straddle position consists of a long call and a long put with the same strike, tick and limit.
Straddles have the payoff function:
This can also written as:
or by combining the expressions for call and puts.
Strangles
A long strangle consists of a long call and a long put but with different strikes (unlike a straddle where the strikes are the same). The strike for the put is usually lower than that for the call. Strangles have the payoff function:
or by combining expressions for the call and the put.
Binaries
A long binary call option has a payoff function of the form:
General form
The final structure we consider is a general piecewise linear payoff of the form:
where −∞ = a 1 < a 2 ... < a n−1 < a n = ∞
All the previous forms can be considered as special cases of this one general form.
Payoff distributions
We will write the cumulative distribution function (CDF) of the index by F (i), and the probability density function (PDF) by f (i), where
Swaps
The distribution of the payoff of a swap contract, G(p), is given in terms of the distribution function of the index as:
The density function of the payoff distribution g(p) can be written in terms of the density of the index as:
where δ(p) is the delta function of mathematical physics, which is infinite at p, zero elsewhere, and has an integral of one.
Call options
For a call option the CDF of the payoff is given by:
and the density by:
Put options
For a put option the CDF of the payoff is given by:
Collars
For a collar the CDF of the payoff is given by:
Straddles
For a straddle the CDF of the payoff is given by:
Strangles
For a strangle the CDF of the payoff is given by:
Binary options
For a binary option the CDF of the payoff is given by:
4 Useful relations for deriving expressions for the expected payoff
In order to derive closed form solutions for the expected payoff for the normal distribution, we start by noting a few properties of the normal density and distribution functions. These will make the subsequent derivations much more straightforward. The density n(x) for a normal distribution with expectation 0 and variance 1 is given by:
From this it is simple to show that:
Integrating this from a to b gives:
This formula will prove useful later when evaluation expressions that have the same form as the left hand side. We now define:
This is the distribution function (CDF) for a normal distribution with expectation 0 and variance 1. The probability density of a normal distribution with expectation µ and standard deviation σ is given by:
where we write x =
x−µ σ
The cumulative density function is given by the integral of this which is:
If we integrate n x from a to b we see that:
This will also prove useful later. By making the substitution x = σs + µ we find that:
where the last step used expression 41. Finally we note that:
Given the various expressions above, it is now easy to write expected payoffs of all standard contract types in terms of N x and n x . N x and n x can be calculated using standard functions that are available in most computer languages or spreadsheets.
Closed form expressions for the expected payoff
We now derive expressions for the expected payoff for our seven contract types. The expected payoff is useful because:
• it is the usual definition for the actuarial fair price
• it is the long run average payoff
• under certain assumptions, it is the arbitrage-free price (see Jewson and Zervos (2003)) 
Swaps
For a swap the expected payoff is:
Substituting in the payoff function from equation 1 gives:
Applying the various rules derived above we see that:
Finally, rearranging terms to group together all terms in n and N gives:
Applying the same derivation but for the uncapped case gives:
Call Options
For a call option the expected payoff is:
For the uncapped case:
Put options
For a put option the expected payoff is:
Collars
For a collar the expected payoff is:
In the uncapped case:
Straddles
For a straddle the expected payoff is:
Strangles
For a strangle the expected payoff is:
Binary options
For a binary option the expected payoff is:
General form
The expected payoff for the general form is:
[α i σ(N a(i+1) − N ai ) + β i σ 2 (n ai − n a(i+1) ) + β i σµ(N a(i+1) − N ai )]
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To facilitate debugging of computer code using these expressions, we now give numerical examples. In all these examples, we assume µ = 1670 and σ = 120. 
